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1 Introduction 

Let k be an algebraic closed field of characteristic zero and let k((t)) be the field of formal Laurent 
series in the variable t. A formal connection on k((t)) is a pair (M,tdt) consisting of a finite 
dimensional fc((t))-vector space M and a fc-linear map td t : M — ► M satisfying 



< 



> 

O : td t (fm) = td t (f)m + ftdt (m) 

O 

for any / G k((t)) and m G M. In [12], S. Bloch and H. Esnault define local Fourier transforms 
jr(o,oo)^ ■p(oc.Q) ^ jr(oo,oo) £ or f orma i connections, by analogy with the £-adic local Fourier transform 
considered in i6j. In [6], 2.6.3, Laumon and Malgrange give conjectural formulas of local Fourier 
transforms for a class of Q^-sheaf. This results are proved by Lei Fu (jj). In this paper, we 

•i-H . 

prove an analogous conjecture of local Fourier transform for formal connections. Actually, we can 

h : 

calculate local Fourier transforms for any formal connections. 

A key technical tool for the definitions of local Fourier transforms of formal connections is the 
notion of good lattices pairs. By definition in [3], Lemma 6.21, a pair of good lattices V, W of M 
is a pair of lattices in M satisfying the following conditions 

(1) VcWc M 

(2) td t (V) c W 

(3) For any k £ N, the natural inclusion of complexes 

(V W) -> (^V ^ ^W) 



is a quasi-isomorphism. 

Good lattices pairs V, W exist. The number dim/-VV/V is independent of the choice of good 
lattices pairs of M, and is called the irregularity of M. 

For any / £ k((t)), denote by [/] the formal connection on k((t)) consisting of a one dimensional 
/c((i))-vector space with a basis e and a fc-linear map tdt ■ k((t))e — > k{{t))e satisfying 

td t (ge) = (td t (g)+fg)e 

for any 5 € Two such objects [/] and [/'] are isomorphic if and only if / — /' S + Z. 

Therefore the non-negative integer 

max(0, -ord t (/)) 

is a well-defined invariant of the isomorphic class of [/], and is called the slope of [/]. Let p be 
the slope of [/]. One can verify fc[[£]]e, i~ p /c[[i]]e is a good lattices pair of [/]. So the irregularity 
coincides with the slope for any one dimensional formal connection. The definition of slopes for 
arbitrary formal connections is given in [5], (2.2.5). The irregularity of a formal connection coincide 
with the sum of its slopes. Any formal connection has a unique slope decomposition. So the slope 
of an irreducible formal connection is equal to its irregularity divided by its dimension. A formal 
connection is called regular if the irregularity of this connection is equal to 0. 

Throughout this paper, r and s are to be positive integers. Let t' be the Fourier transform 
coordinate of t. Write z = i and z' = i. Let 

[r] : k((t)) k{{<Tt)) 

be the natural inclusion of fields. Let T = \/t and let a be a formal Laurent series in k((T)) of 
order —s with respect to T. Let R be a regular formal connection on k((T)). In this paper, we 
calculate the local Fourier transform 

J*°.»)([r].([T9r(a)] ®*((t))#))- 
Similarly, let k((z)) be the field of formal Laurent series in the variable z. Let 

[r] : k((z)) fc((^=)) 

be the natural inclusion of fields. Let Z = and let a be a formal Laurent series in k((Z)) of 
order —s with respect to Z. Let R be a regular formal connection on k((Z)). We also calculate 
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the local Fourier transforms 



^°°' J([r],([Zflz(a)] ® k{{Z )) R)) if r > s; 
)([r],([Za z (a)] ® fc((2)) i?)) if r < s. 



We refer the reader to [2] for the definitions and properties of local Fourier transforms. The 
main results of this paper are the following three theorems. 

Theorem 1. Given a formal Laurent series a in k((y/t)) of order —s with respect to \fi, consider 
the following system of equations 

/ d t (a«/t)) + t' = 0, 

Using the first equation, we find an expression of \fi in terms of r+s^j ■ We then substitute this 
expression into the second equation to get (3( r+ ^ / _ 7 ), which is a formal Laurent series in fc(( r+ ^ / _ )) 
of order — s with respect to Let T = \ft and let Z' = Frop ■ For any regular formal 

connection R on k((T)), we have 

jK°.«> ([r], ([Td T (a)} ® fc((T)) R))=[r + a], ([Z'd z , (/?) + '-] ® K{{ZI)) r) , 

where the right R means the formal connection on k((Z')) after replacing the variable T with Z' . 
Theorem 2. Suppose r > s. Given a formal Laurent series a in fc((-w|)) of order —s with respect 
to -^=, consider the following system of equations 

f ft(a(^))+f = 1 

Using the first equation, we find an expression of in terms of r ~\ft' '. We then substitute this 
expression into the second equation to get (3( r ~\fP), which is formal Laurent series in k(( r y¥)) of 
order —s with respect to r ~-\/t' ' . Let Z — and let T' — r ~-\/¥. For any regular formal connection 
R on k((Z)), we have 



^°°M([r]*([Zd z (a)} ® k((Z)) r)) =[r- s]*([T' d T , {$) + £] ® fe((T0) r), 
where the right R means the formal connection on k((T')) after replacing the variable Z with T' . 
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Theorem 3. Suppose r < s. Given a formal Laurent series a in k{{-^)) of order —s with respect 
to consider the following system of equations 

Using the first equation, we find an expression of in terms of We then substitute this 

expression into the second equation to get f3(-^J^=) 1 which is a formal Laurent series in fc(( 3 _^_ )) 
of order — s with respect to a-y^ - Let Z = and let Z' = s-r^j - For any regular formal 
connection R on k((Z)), we have 

^°°>^([r]*([Zd z (a)} ® Hm R)) = [s-r}*([Z'd z ,(f3) + i] ® fc((z0) r), 

where the right R means the formal connection on k{{Z')) after replacing the variable Z with Z' . 

When R is trivial, the above three theorems are conjectured by Laumon and Malgrange ([5] 
2.6.3) except the term | is missing in the conjecture. Any formal connection on k((t)) is a direct sum 
of indecomposable connections. As in [T], section 5.9, any indecomposable connection M = N ® R, 
where R is regular and N = [d]*L where L is a one dimensional connection on a finite extension 
[d] : k((t)) -> k((t*)). So we can calculate local Fourier transform for all formal connections. 

Acknowledgements. It is a great pleasure to thank my advisor Lei Fu for his guidance 
and support during my graduate studies. In [8], Claude Sabbah proves these results of local 
Fourier transforms for formal connections with a geometric method. Our method is elementary 
and directly. 

2 Proofs of Theorems 1, 2 

Given a formal Laurent series a in the variable \rt of order — s, consider the system of equations 
(jl.ip . We express yt as a formal Laurent series in r+^-p- of order 1 using the first equation and 
then substitute this expression into the second equation to get (3 € fc(( r+ ^ / _ )). We have 

d t ,{[3) = d t >{a(Vi)+U')=d t (a(</i))^+t'^ i +t (2.1) 

= (d t (a(V~t)) + t ')%+ t = L 

It follows that [3 is a formal Laurent series in r+ ^ 7 of order — s. Let T = \/t and Z' = r+ ^ 7 . Set 

a(T) = -T s td t {a) and b(Z') = Z' s t'd t ,{(3). 



Then a(T) is a formal power series in T of order and b(Z') is a formal power series in Z' of order 
0. From the system of equations and (|2.1[) . we get 



a(T ) = (£)»•+» 

b(Z') = (£) 



Z tV ( 2 -2) 



To prove Theorem 1, it suffices to prove the following theorem. 

Theorem 1'. Given a formal power series a(T) = X)i>o a iT l with a,i £ k and ao ^ 0, solve the 
system of equations 12. 2\) to get b(Z') = X)i>o biZ n for some bi G k. Then b s = -p^a, s and 

([r]* hr(a T- s + a 1 T 1 - s + ... + a.)]) 
= [r + «].[-(r + S )(6o^'- s + fei^' 1 "' 5 + • • ■ + 6.) + |]- 

In fact, suppose Theorem 1' holds. Let c be an element in k. By remark [2.21 we shall prove later, 
for a(T) = —T s td t (a) — jT s , we can get a solution b(Z') of the system of equations (|2.2[) such that 

6(Z') = Z'H'dvW) — Z' s mod. 

r + s 

Then 

^ ^([r]4Ta T (a)+c) 

= ^ '°°)([r]4-rT- s (-T s ^ t (a) - ^T s )]) 

- [r + s]*[-(r + s)Z'- s (Z'*t'd t ,(f3) - -^-Z' a )] 

r + s 

= [r + sUZ'dz'(l3) + c\. 

So Theorem 1 holds for i? = [c]. As in [1], section 5.9, every irreducible regular formal connection 
A on k((T)) is [d]*L, where L is a one dimensional formal connection on a finite extension [d] : 
k((T)) -» fc((T3). SoL is regular, we have L = [c] for some c G fc. Then A = [d\*[c] — ®i<i<d[c + 
2]. We have d — 1 because A is irreducible. This shows that every irreducible regular formal 
connection is isomorphic to the one dimensional connection [c] for some c G k. So every regular 
formal connection is a successive extension of connections of the type [c\. Since JF 1 - 0,00 ) is functoriel 
and exact, Theorem 1 holds for any regular formal connection R on k((T)). 

Remark 2.1. If a s — 0, then there exists a G k{{</t)) such that a(T) = —T s tdt(a). Using the first 
equation of (|2.2p . we find an expression of T in terms of Z' . We then substitute this expression 
into the second equation of (|2.2[) to get b(Z'). This expression also satisfies the first equation of 



(jl.ip . We then substitute this expression into the second equation of (jl.ip to get (3(Z'). By (|2.ip . 
we have 

(Z')=]>>^' 4 = ^ s t'^(/?). 

i>0 

This shows o s = 0. 

Remark 2.2. Solving the first equation of (|2.2p . we get T = X)i>o^^' I+1 with Ao = r+ -^/ao. 
The solution is not unique and different solutions differ by an r + s-th root of unity. As long 
as Ao is chosen to be an r + s-th root of ao, for each i, Xi depends only on ao, • • • , a*. We have 
b(Z') — Q^j>n XiZ n ) r , and for each i, hi depends only on Ao, . . . , Aj. Therefore as long as we fix 
an r + s-th root of ao, for each i, bi depends only on ao, . . . , a^. So to prove Theorem 1', we can 
assume a(T) = ^o<i<s a ^ T 

Remark 2.3. Solving the first equation of (|2.2[) . we get T — J2i>o Ai^' l+1 for some Xj £ k. Then Ao 
is an r + s-th root of ao. Then J2i>o biZ n — E;>o KZ' l ) r . Choose a' , . . . , a' s € k such that a- = aj 
for all < i < s and a' s — 0. For a(T±) — J2o<i< s a 'i^li consider the system of equations (|2.2p if 
the variable T is changed by T\. Using the first equation, we can express T\ as J2i>o KZ n+1 with 
X' Q = X . Then we have £ i>0 = (Ei>o A i Z 'T- Remark O shows 6' s = 0. Since a, = a^ for 
< i < s, we have Ai = X[ for all < i < s. That is, 

T = Ti mod. Z' s+1 and T = T X = X Z' mod. Z' 2 . 

Comparing coefficients of Z /s on both sides of 

5>r=(5>^) r+S and Yl ^-(E A ^") r+S ' 

i>0 i>0 0<i<s i>0 

we have 

a s Ag - (a s - a'JAg - (r + s)(A s - A^A^ 8 " 1 . 
Comparing coefficients of Z' s on both sides of 

i>0 i>0 i>0 i>0 

we have 

6 S = 6 S - &' s = r(A s - A^- 1 . 

This proves b s = ^a s . 
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Remark 2.4. Set / = a T- s + aiT 1 ^ + ... + a s . Let 

H = {a e Gal(k((T))/k((t)))\a(f) = /}. 

We call / is irreducible with respect to the Galois extension k((T))/k((t)) if #H — 1. Then / is 
irreducible if and only if the connection [r]*[— rf] is irreducible. 

Lemma 2.5. // Theorem 1' holds for irreducible f , then it holds for all f. 

Proof. By Remark 12.21 we can assume a(T) — J2o<i<s a i^ % ■ Keep the notation in Remark 12.41 
Set p = 4j=H. Then p\r. Let rj be a primitive r-th root of unity in k. Then a,7?^ l_s ^ — ai for all 
< i < s. So ai — or p\i — s. In particular, p\s since oq ^ 0. Let t = T p and r' = Z' p . Then 

/ = a r~p + a p r 1_ 5 + . . . + a s 

and it is irreducible with respect to the Galois extension k((T))/k((t)). For a(r) = J2o<i<^ a pi T% i 

— — p 

suppose 6(t') = X)i>o ^p« T ' 1 i s a solution of the following system of equation 

j a(r) = ( . 

Then 6 S = ^rja s and = Si>o ^P i ^' pi ^ s a solution of the system of equations (|2.2[) . For 

a(r) = X)n<i<^ a p» Tl — (1 — j ' — P)i by Remark 12.21 and 12.31 we can find a solution b(r') of 
the system of equations (|2.3[) such that 

6(r')= V 6™t' 1 ^— r'f mod. r'f +1 . 

^— ' r + s 

0<i<f 

Applying Theorem 1' to the system of equations (|2.3p for a(r) = X)o<i<^ a pi rJ — ^ r '' (1 — J ^ P)i 
we have 

^•^(M.hr/]) 
= ^(°'°°) [p], [-r(a T- s + a p TP- s + . . . + a s )]j 

^r(0,oo) -f + «=s + . . . + a s ) + -A 

\ p p p J 



i<j<p 

[— ]*[- — (^'"i + 6 p r'^ + . . . + 6.) + J - + ±] 

i£f< P p p p 2 p 

[— ["(»■ + s)(^'~ s + b P ^' p - s + ■ • • + 6.) + J 
p 2 

[r + a], [-(r + s)(6o^'- s + & P ^ S + ■ ■ • + 6.) + |]- 



□ 

From now on, we assume / is irreducible. 

Let's describe the connection jf' * 00 ) (jr]* [— rf]) on k((z')). 

The formal connection [—rf] on k((T)) consist of a one dimensional fc((T))-vector space with 
a basis e and a fc-linear map Tftr ■ k((T))e — > fc((T))e satisfying 

T9 T ( 5 e) = (Tdr(s) - r/ S )e 

for any 5 £ k((T)). Since the formal connection [—rf] on k((T)) has slope s, we get fc[[T]]e, T~ s fc[[T]]e 
is a good lattices pair for it. Identify [?"]*[— rf] with k((T))e as fc((t))-vector spaces. Then the for- 
mal connection [r]*[— rf] has pure slope - and fc[[T]]e, T~ s fc[[T]]e is a good lattices pair for this 
connection. The action of the differential operator ift on k((T))e is given by 

td t (ge) = (td t (g) - fg)e 

for any g £ fc((T)). So we have 



(ft o t)iT~ l e) = T-*e - (a T~ (;i+l) e + . . . + a^e) (1 < i < r), 

r 

t ■ T^e = T-^e {r + l<i<r + s). 



By [2]) Proposition 3.7, the map 



i:k((T))e^T^([r]4-rf]) 



is an isomorphism of fc-vector spaces. By (2J, Lemma 2.4, (tT 1 e, ...,lT ( r+,s )e) is a basis of 



-z' 2 d z r o l and toft 



^7 o i in 



^ (0 ' M) ([r],[-r/M over k((z')). Then by the relation 1 o f 
[2], Proposition 3.7, the matrix of the connection ^"( >°°) ([r]* [— r/]) with respect to the differential 
operator z'd z / and the basis (tT _1 e, . . . , iT~ ( - r+s )e) is 



/ a s 
a s -i 



a s -i 
a 



\ 



diag{ 



r- 1 



,-,0,...,0}. 

r 



Then the matrix of the connection 



[r + s] * (jr(0,oo) ^ { _ rf] j ) = k{{zl)) ^ k({zi)) ^(O.oc) ^ { _ rf] 

with respect to the differential operator Z'dz< and the basis (Z 1 ® iT~ 1 e, . . . , Z' r+S ® tT _ ^ r+s ^e) is 

/ a s Z' s f \ 

y/s-l 

: '■• a s Z' s 1 



r + s 



V 

-(r + s)diag{ 



Of) 



r - 1 



Of) 



/ 



,-,0,...,0} + diag{l,...,r + «}. 



We can write this matrix as (r + s)B — (r + s) J2o<i<s s -^ i f° r sorne matrices Ai and B with 
entries in k, where 



A 



I s 
a$I r 



B = diag{- — -,0,...,0} + — — diag{l,...,r + *}. 
r r r + s 



Let V be the A:-vector subspace of [r + s}* ^F (0,oo) (jr]* [-r/]JJ generated by Z' 1 <g> i,T -i e (1 < i < 
r + s). With respect to this basis, V can be identified with the A:- vector space of column vectors in 
k of length r + s. The action of the differential operator Z'dz< on elements of V can be written as 

Z'd z ,(v) = (r + s)B(v)-(r + s) Z' l ~ s A,{v). 



0<i<s 



Lemma 2.6. Suppose f is irreducible in the sense of Remark \2.4\ Given ao, 
following three conditions are equivalent: 

(1) ^°"»>([r].[-r/]) = [r + i[-(r + S )Eo<i< 8 «^- 8 ]- 

(2) [— (r + s) X)o<i<s * s a subconnection of [r + s]* (j 7 ^ ' 00 ) \ \r]* [—rf] 

(3) There exist an integer N and Vq, . . . , v s € V such that vq ^ ana! 

Eo<i<fe(^i " Oi)v k -i = (0 < k < s - 1); 



-T-)U = 0. 



(2.4) 



Proof. Since / is irreducible, the connection [?"]*[— rf] on k((t)) is irreducible with pure slope -. 
By [2], Proposition 3.14, the connection jf( >°°) I [r]„ [—rf] ) on fc((z')) i s irreducible with pure slope 



As in the proof of Hj, Lemma 3.3, we have 

F^([rU-rf]) = [r + sU-(r + S ) ]T 

0<i<s 

for some go, . . . , g s e with qq =/= 0. Let [i be a primitive (r + s)-th root of unity in k. Then 



[r + a r(^°'~>([r].[-r/])) 



= [-(r + S )(^' s eo^ s +^' (1 - s) ei^ 1 - s + ... + e s )]. 

l<j<r+s 

So there are r + s one dimensional subconnections of [r + s]* ^JF^ 0,00 ' (V]*[— r /])) which are not 
isomorphic to each other. 

(1) => (2) is trivial. For (2) (1), assume that [ — (r + s) X]o<i<s s ] is a subconnection 



of [r + s]*^ ' 00 )^]^-?-/] 



Then 



[-(r + S ) J2 ^Z' 1 - 3 } = {-(r + s) £ M J ' (i - s) ft^- S ] 



0<i<s 0<i<s 

for some 1 < j < r + s. Then 



^ 0,oo) ([r]*[-r/]) - [r + s]4-(r + s) ]T 

0<i<s 

= [r + sU-(r + S ) £ (*iZ H - s }. 



0<i<s 



For (2) => (3), assume that [— (r+s) J2o<i<s a iZ n s ] is a subconnection of [r+s] [r]*[— r/] 

This means that there is a nonzero map of connections 

cj>:[-(r + s) J2 a i Z' i - s ]^[r + S ]*(^°' D °)([r] t [-r/])). 

0<i<s 

The connection [— (r + s) J2o<i< s a iZ n ~ s ] consist of a one dimensional fc((^'))-vector space with 
a basis e and a fc-linear map Z'dz' ■ k((Z'))e — ► k((Z'))e satisfying 

Z'^foe) = (V^<(<?) - (r + s)g ]T c^- s ) e 

0<i<s 

for any g G k((Z')). Suppose </>(e) = X)o<i Z' l+Ar «i for some integer N and some Vi € with 
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v j£ 0. Then 

-(r + s) cx i Z H - s Y,Z' i+N Vi = <t>{Z'd z ,{e)) 

0<i<s 0<i 

= Z'dz\4>{e))=Z l d z \Y. Z ' l+N ^) 

= Y d Z' i+N {{r + s)B + i + N)v i -{r + s)Y d Z' i+N J2 ^"M^i)- 

0<i 0<i 0<j<s 

Comparing coefficients of Z n , for N — s < i < N on each side, we get the system of equations 
p.4p . This proves (2) (3). So for ao = /U~ SJ f?o> c*a — . . . , a s — g s , the system of 

equations (|2.4|) holds for some N £ Z and some vo,...,v s £ V with vq ^ 0. These (s + l)-tuples 
(M _,sj ^0)M Qii ■ ■ ■ j 6s) (1 < j ' < r + s) are pairwise distinct, since / is irreducible. Lemma 12.71 
shows that there are at most r + s (s + l)-tuples (ao, . . . ,a s ) such that the system of equations 
(|2~4|) holds for N = and some i) 0) ... ) u,€y with v 7^ 0. This proves (3) => (2). □ 

Hensel's lemma. Lei E be a finite dimensional k-vector space. Suppose D is a k[[t]]-linear 
endomorphism of E ®fc fc[[t]]. Write the action of D on elements of E: 

D(v) = '^^f Di(v), for unique elements Di € Endfe(£J). 

Suppose the characteristic polynomial of Dq has a simple root ao in k. Then 

(1) The equation 

(D - a)(u) = 

has a solution a £ k[[t\] with constant term ao and 7^ u £ E <g>fc k[[t]]. In this case, a is uniquely 
determined by ao- 

(2) Let k be a positive integer. The following systems of equations 

(A ~ oiijuj-i = (0 < j < k) 

0<i<j 

has a solution ai, . . . , a^ £ k; Uq, . . . , £ E with u 7^ 0. In this case, a\, . . . , a^ are uniquely 
determined by ao- 

Proof. The proof is similar to that of [9], Proposition 7, p. 34. □ 
Lemma 2.7. Given ao, ■ ■ ■ , a s £ k, there exist Vq, . . . , v s £ V such that vo 7^ and 

r Eo<<<*(^ - = (0 < fc < s - 1), 

l Eo<i<s-i( A * - oti)v s -i + (A s -B- a s )vo = 1 ' ' 
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if and only if there exist v' , . . . , v' s £ V such that v' 7^ and 

Eo<i<k( A i - a iWk-i = (0 < A < a - 1), 



Eo<i<.-i(^ - nK-i + ( A * ~ w+t ~ a °>o = o- (2 ' 6) 

Moreover, there are at most r + s (s + 1) -tuples (ao, . . . ,a s ) in k such that the system of equations 

K2. 5\) (resp. A2.6]) ) holds for some Vq, . . . , v s £ V with vq 7^ (resp. v' Q , . . . ,v' s £ V with v' Q 7^ 0). 

1 

Proof. Let \x be a primitive (r + s)-th root of unity in k. We fix an (r + s)-th root ag +s of ao- For 

1 H-s-l 

any 1 < j < r + s, set ej to be the column vector (//■?' ciq +s , . . . , /i^ r+s_1 - ) a r+s , ao) and ej the row 
vector (^a " 7 ^,...,^( r+s - 1 )ao i: ^ 1 ,ao 1 ). Then 



A ■ ej = ^ rj a^ +s ■ ej, £j ■ A Q = n rj aQ +B ■ Ej, £j ■ ej = (r + s)5y. 

Set d — (r,s). We get ker(Ao — /x rj 'aQ +s ) is generated by those with r + s|(fc — j)d, and 
im(Ao — /i r:, aQ +s ) is generated by the other e^'s. Then 

im(ylo — ji rj clq +s ) = {«£ V\ek • v = for all k satisfying r + s|(fc — j)d}. 

For the only if part, suppose the system of equations (|2.5[) holds for some vo, . . . , v s £ V with vq 7^ 0. 
In particular, (^4o — &o)vq = 0. Then ao = fi r:l Oq +s for some integer j and then vq = Er+*|(i— j)d 7« e « 
for some ji £ k. For any 1 < k, I < r + s, we have 

2r + s 



^ r ^ r + s 2r + 2s ^ 

l<i<r l<i<r-\-s l<i<r+s 



if fe = 1, 



, „ 2r + s . v— * r — z v— * * 2r + s \ -> 

£fe-(-B — )e/= > + > — > 1 = 0. 

V 2r + 2s ; ^ r ^ r + s 2r + 2s ^ 

l<i<r l<z<r+s l<i<r+s 

Suppose ft 7^ Z and r + s\(l — k)d. Let £ = fi l ~ k . Then £ d = 1 and £ 7^ 1. For any d|n, we have 
Ei<*<„ f = and hence Ei<i<„ *£* = f Ei<,< d So we have 

2r + 2s r ^-^ r + s ' 

l<i<r l<i<r+s 

r d ^ r + sd ^ 

l<i<d l<i<d 

So e k >(B- ^)«o = if r + s\(k - j)d. Therefore (B - g^)v = (A - a )v for some v £ V. 
Then v' = vq, . . . ,v' s _i = v s —i,v' s — v s — v satisfy the system of equations (|2.6p . Reversing the 
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above argument, we get the if part. So for the last assertion, it suffices to show that the same 
assertion holds for the following system of equations 



^ (Ai - ai)vk-i = for any < k < s. 



(2.7) 



0<i<fc 



Suppose the system of equations (12. 7| holds for some ao, ■ ■ ■ , a s <E k and some vo, ■ ■ ■ ,v s £ V with 
vq ^ 0. There exists an integer 1 < j < r + s such that ao = p^^a^ 3 and vo = J2 r +s\(i~j)d^ iei 
for some 7, € k with 7^ ^ 0. The system of equations (|2.7[) is equivalent to the following equation 

( A * Z ' 1 - E a i Z>i )( E = mod. Z' s+1 . 

0<i<s 0<i<s 0<i<s 

1 

There exist po = /i J OQ +s , pi, . . . , p s € k such that 

J2 aiZ H = ( pi z>i ) r mod - z ' s+1 - 

Q<i<s 0<i<s 

Let 

/ 1 \ 

/ 1 





a s Z' s 



1 

/ 



and Tq = 







\ 

1 

J 



Then T,o<t<s A * z ' 1 = ^0 = and hence 



r- P> Z ' l ){ E ( E PiZ H ) k T r - l - k )( E V * ZH ) =0mod. 



0<i<s 



0<fc<r-l 0<i<s 



0<i<s 



Write 



0<fc<r-l 0<i<s 

for some m € V. Then 



E ( E ^V- 1 -^ E ^)=E^ 

Cfe<r-1 0<i<s 0<i<s 0<i 



"0 



E pfc 







0<fc<r-l 



E 

r+s| (i—j)d 



r+s|(i-j)d 0</c<r-l 
/'//.' 
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and 

( r ~ E p* z ' l )( E u * zH ) =° m ° d - z ' s+1 - ( 2 - 8 ) 

0<i<s 0<i<s 

Since po is a simple root of the characteristic polynomial of To, by Hensel's lemma, pi,...,p s are 
uniquely determined by po- So <xq, . . . , a s are uniquely determined by po = p? clq +s (1 < j < r + s). 
This proves the last assertion. □ 

Now we are ready to prove Theorem 1'. By Remark 12.21 we assume that a(T) = J2o<i<s a i^ % ■ 
Then the first equation of (|2.2p means that is a root in of the polynomial 

X r+S - a t Z' l y ^k[[Z']][X]. 

0<i<s 

This polynomial is exactly the characteristic polynomial of T. The characteristic polynomial of 
Tq is the polynomial X r+S — ao which has no multiple roots, then by Hensel's lemma, T has an 
eigenvector ^i>o Z' %v % corresponding this eigenvalue with v ^ 0. Since 2o<i<s Z ' % A% = T r , 
we have 

( E = (§)"(E^) = (EO(E^)- 

0<i<s 0<i 0<i 0<i 0<i 

So 

^ (Ai - h)v k -i = for any < k < s. 

0<i<k 

Recall that J2o<i<s a iT l ~ s is assumed to be irreducible. Then by Lemma [2.61 and [2~7l we have 

^°' oo) {[rU~r(a T- s + a.T 1 ^ + ... + a s )]) 
= [r + s)4-(r + s)(b Z>-» + hZ n ~ s +... + b s - |^)] 
= [r + s]*[-(r + s)(b Z'- s + b x Z' l - s + ... + &,) + £]. 

Suppose r > s. Given a formal Laurent series a in the variable of order — s, consider the 
system of equations (|1.2p . We express as a formal power series in r y¥ of order 1 using the 
first equation, and then substitute this expression into the second equation to get (3 € k(( r ~-\/¥)). 
Similar to equation (|2.1[) . we have df(/3) = t. It follows that (3 is a formal Laurent series in T ~\ftf 
of order -s. Let Z = 4; and let T = T '</t' '. Set 

VI 

a(Z) = Z s td t (a) and 6(T') = ~T ,s t'd t >l3. 
14 



Then a(Z) is a formal power series in Z of order and b(T') is a formal power series in T' of order 
0. From the system of equations (|1.2[) . we get 

1 ben = -(^r. [A9J 

Similar to Theorem 1 and 1', to prove Theorem 2, it suffices to show the following theorem. 

Theorem 2'. Suppose r > s. Given a formal power series a(Z) — Ej>o ai ^ 1 with a, £ k and 
ao ^ 0, suppose 6(T") = Ei>o biT n with 6,; € k is a solution of the system of equations (|2.9p . We 
have 6 S = — ^- a, and 



r— s 



^"•^([rM-rtaoZ-' + oiZ 1 - 4 
= [r - s]4-(r - .s)(b T'- s + biT' 1 -* + . . . + b s ) + |]. 

Proof. The proof of 6 S = ^rja s is similar to that of Theorem V . Using the first equation of 
we can express Z as a formal power series in the variable T' of order 1. We then substitute this 
expression into the second equation to get 6(T') is a formal power series in T' with nonzero constant 
term. That is, bo ^ 0. Let £ be an r-th root of — 1 in k and let Z — C,-Z\. Let [— ] : k((z)) — > k((z)) 
be the automorphism of k- algebra defined by z <— > — z. From the system of equations (|2.9[) . we get 

f E,> 6 i T' i = (£r 

1 E i >oC i - s a^! = (J) r - s - 
Since 6o ^ 0, by Theorem 1', we have 

^(o.oo) ^ r _ ^ t _ (r s){boT >-s + blT a-s + ... + 6s) + £; 

= [r],[-r(r s a ^-+C 1 ~'aiZ : 



' s " s + ...+a s ) + ^ + 1] 
-r(aoZ- ;5 + ai Z 1 - s + ...+a s )] 



= ^°-°°) ([r]* [-r(a S- + a^ 1 " 8 + . . . + a.)])) . 

The theorem holds by [2], Proposition 3.10. □ 

3 Proof of Theorem 3 

Suppose r < s. Given a formal Laurent series a in the variable of order — s, consider the 
system of equations (|1.3|) . We express as a formal Laurent series in s-yp of order 1 using the 
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first equation and then substitute this expression into the second equation to get j3 G fe(( 
Similar to equation (|2.ip , we have d t >(/3) = t. It follows that (3 is a formal Laurent series in s-yp- 
of order — s. Let Z = -k= and = Set 

a(Z) = Z s td t {a) and b(Z') = Z'H 1 d t ,{(3). 

Then a(Z) is a formal power series in Z of order and b(Z') is a formal power series in Z' of order 
0. From the system of equations (|1.3p . we get 



a(z) = -{fy-r 
b(z') = (f y. 



*" (3.1) 



Similar to Theorem 1 and 1', to prove Theorem 3, it suffices to show the following theorem. 
Theorem 3'. Suppose s > r. Given a formal power series a(Z) = J2i>o ai ^ 1 with cii £ k and 
ao 0, solve the system of equations (|3.ip to get b(Z') — Yli>o^iZ' 1 for some hi £ k. Then 
6, = a, and 

s—r 

^(oo,oo) ^ [_ r(aoZ -^ + aiZ i- + . . . + as ^ 

= [s - rU-(s - r){b Q Z'- s + hZ n - s + ... + &,) + £]. 

Lemma 3.1. 5ef /i = ao^ _s + a\Z x ~ s + . . . + a s . M^e can reduce Theorem 3 to the case where 
s > 2r and where h is irreducible with respect to the Galois extension k((Z))/k((z)). 

Proof. The proof of b s = ^37 a s is similar to that of Theorem 1' and the proof of the last assertion 
is similar to that of Lemma [2751 If s < 2r, then s > 2(s — r). Let C be an r-th root of —1 in k and 
let Z = £ • Z\ . From the system of equations (|3.ip , we get 



i Ei> biZ ,i = -(f 1 r 
\ Zi> e- s *iZi = (§r) s - r - 

We prove bo 7^ similarly as in Theorem 2'. Applying this theorem to [s — r]*[— (s — r)(boZ'~ s + 
. . . + b s ) + §], we have 

^ (oo '° o) {[a - r]4-(s - r)(b Z'- s + hZ' 1 ^ + ... + &.) + £]) 
- [r]» [-r(C s a Z- s + f-'atf 1 -' + . . . + a.) + £ + |] 
= [-]* M* [-r{a Q Z- s + a x Z x - s + ... + a s )] 

The lemma holds by [2], Proposition 3.12 (iv). □ 
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From now on, we assume h is irreducible. 



Let's describe the formal connection pi 00 * 00 ) (M* [— rh]) on fc((z')). 

The formal connection [— rh] on fc((Z)) consist of a one dimensional fc((Z))-vector space with 
a basis e' and a fc-linear map Zdz ■ k((Z))e' — ► fc((Z))e' satisfying 

Zd z (ge') = (Zd z (g) - rhg)e' 

for any g £ k((Z)). Since the formal connection [—rh] on k((Z)) has slope s, we get fc[[Z]]e', Z~ s k[[Z]]e' 
is a good lattices pair for it. Identify [r]»[— rh] with k((Z))e' as fc((z))-vector spaces. So the con- 
nection [r]*[— rh] on k((z)) has pure slope ^ and fc[[Z]]e', Z~ s k[[Z]]e' is a good lattices pair for 
this connection. The action of the differential operator zd z on k((Z))e' is given by 

zd z (ge') = (zd z (g) - hg)e' 

for any g £ k((Z)). Then for any i £ Z, we have 



z 2 d z {Z' {r+l) e') 



r + i 



r 



Z- l e' - {a Z- (t+s) e' + ... + a.Z^e!). 



By [2j, Proposition 3.12 (ii), the map 

u:k{{Z))e' ^^^{[rU-rh]) 

is an isomorphism of fc-vector spaces. As in [2J, Proposition 3.14, (tZ~ 1 e', . . . , tZ~( s ~ r )e') is a 
basis of J-^ 00 ' 00 ) ^[r]* [— rh]j over fc((Z')). By the relation to z 2 <9 2 = i o t and — t o ~ = z' 2 <9 2 ' o i 
in [2J, Proposition 3.12 (iii), we have 

z l2 d z ,{LZ-^ +s -^e') = -LZ-^e' 

= %Z~V + ... + ^-tZ-^+^e' + -LiZ^^e' + ^ t Z~V. 
ciq clq qqz' rao 



Let 



A 



/ -a* 
1 : 

a s - r 1_ 



— 
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For any igZ, let Bi be the s x s-matrix whose entries are all zero except the (1, s)-th entry which 
is valued by — r+i. We have 

J rao 

V, . . . , LZ- (l+s ^e') = {iZ- l e\ . . . , iZ- {t+s -^e'){A + B t ). 

So 

z' 2 d zl {LZ- 1 e',...,LZ- s e') = -{iZ-^e',...,LZ-^e') 

= -(iZ- 1 e',...,tZ- s e') J] (A + Bi). 



Ki<r 



Consider the connection 

[s rj* (.F<°°-°°> ([r], ) = k((Z')) ® fc((z/)) ^(°°.°°) ([r]. [-rft]) 

Set A = diag{Z', . . . , Z' s } and e' = {Z 1 <x> uZ^e', ...,Z' S ® LZ~ s e'). We have 
Z'dvV) = fdiag{l,..., S }-i- 7 ^A- 1 ( [] + 



z' 
s — r 



KKr 



Ki<r 



We have 



e '.(diag{l,..., S }-^ J] (z'A-^A + BOa)). 

n.n 



/ o 

1 



Z' A AA 



Q s-r+l y/g- r+1 

a 

— t- ryls — T 1 



&s — r— l ^/s— r— 1 



V 



a 



and Z' A 1 B^A is the s x s-matrix whose entries are all zero except the (1, s)-th entry which is 
valued by — ^-Z' s . So we can write 

diag{l,2,..., S }-^ ft (Z'A-^A + B^A) =-{s-r)Y J Z' i - s C i 

l<i<r 



i>0 



and 



i>0 



for some matrices Cj and with entries in fc. Then d = C[ for all < i < s — 1 and 

-C s = diag{ — , . . . , —} - P 

s — r s — r 
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where P is the s x s-matrix whose entries are all zero except the (i, i + s — r)-th entry which is 
valued by — (1 < z < r). Let W be the fc-vector space of column vectors in k of length s. We 
have 

Lemma 3.2. Suppose s > 2r and h is irreducible with respect to the Galois extension k((Z))/k((z)). 
Given ao, . . . , a s G k with ao ^ 0, the following three conditions are equivalent: 

(1) ^~.<») ([ r ]» [-rh]) = [s- r]4-(s - r) a^*-]. 

(2) [— (s — r) ^2 Q<i<s UiZ n ~ s \ is a subconnection of [s — r]* J^i 00 ^ 00 ) Qr]* [—rh]) . 

(3) There exist N 6 Z and tuo, • • • , w s <E W such that wg ^ and 

/ Eo<i<*(c< - «*H-< = o (o < fe < s - 1), 

1 Eo<i<.-i(C< " «>.-« + P. - a. - = 0. ^ 

Proof. Set t/ = W ® fe k((Z')) and W = W ® fe fc[[Z']]. Let u = (m, ...,u s ) be the canonical basis 
of W. There exists a unique connection (U, Z'dz') such that the action of Z'dz* on elements of W 
can be written as 

Z'd z >(w) = -( S ~r)J2z H - s C l (w). 

i>0 

The map of fc((Z'))-vector spaces 

U->[s-r]* (Vf 00 ' 00 ) f[ r ], [-rh]\ ) 

which maps each to Z n ®iZ~ l e' is a surjective morphism of connections. We have Z' s+1 dz> (W) C 
W. Let V : W -> W/Z'W = W be the canonical map. The fc-linear action on W = W/Z'W 
induced by Z /s+1 dz< is — (s — r)Cb- Write 

i>0 

for some matrices Di with entries in fc. The characteristic polynomial of Do is X s + -^-X r . So 
W is the direct sum of two subspaces Wq and W\, invariant under Dq, and such that Z?o|w is 
nilpotent, .Dolwi is invertible. Then diruWo — r an d dimWi = s — r. Since Co = -Dq, we have Wo 
and W\ are Co-invariant, and then Co|w = 0, Co|wi is invertible. By the splitting lemma in [TJ, 
2, W is the direct sum of two free submodules Wo and Wi, invariant under Z' s+1 9z', and such 
that Wo = ^(Wo), Wi = ip(Wi). Let f7 Q) ^i be the subconnections of U generated by Wo, Wi, 
respectively. Then U = Uo ® U%. The induced action of Z' s+1 dz> on Wo is 0, so the slopes of the 
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connection Uq are all < s. But [s - r]* [T (oc ^ [\r}4-rh}JJ is an s — r dimensional connection 
on k((Z')) with pure slope s, we have 

Hom colm .([/ ,[ S -r]*(^ oo ^)([r],[-r^]))) = (0) 

and then 

For any one dimensional formal connection L on k{{Z')) with slope s, we have 

Hom conn .(X,L/o) = (0) 

and then 

Homconn.tX, U) = Horn 

conn. 

= Honw (L, [a - r}* (V^ 00 - 00 ) ([r]* [-rh]j ) ) . 

So to find a one dimensional subconnection in [s — r]* ^jFt 00 ' 00 ) ([r]* [— rh]j J is equivalent to finding 
a one dimensional subconnection in U of slope s. By Lemma 13.31 the remainder proof is similar to 
that of Lemma FUR □ 



Lemma 3.3. Suppose s > 2r. Given ao, ■ ■ ■ , a s € k with ao =/= 0, there exist wo, ■ ■ ■ , w s € W such 
that Wo 7^ and 

J2 (Q - on)w k -i = (0 < k < a) (3.3) 

0<i<fc 

?/ and onZ?/ if there exist w' , . . . , w' s S W such that w' ^ and 

/ Eo<i< fc (^ - «iK-i = o (o < fe < s - 1), 

1 Eo<,<,-i(CI " + (Cs - a. - ££K = 0. ^- 4j 

Moreover, there are at most s — r (s + \ )-tuples (ao, . . . , a s ) m fc swc/i i/ia£ ao 7^ and £/ie system 
of equations h3.S\) (resp. \3.J$ ) holds for some Wo, . . . , w s £ W with wq 7^ (resp. w'q,...,w' s € VF 
with w' ^ 0). 

Proof. Let 77 be a primitive (s — r)-th root of unity in k. We fix an (s — r)-th root (— ao) 7Tr7 of — a . 
For any 1 < j < s — r, set to be the column vector (0, . . . , 0, n ( -'' +1 - ): ' (— ao) 7 ^ 7 , . . . , rj s ^{— ao) 7 ^ 7 ) 
and the row vector (n~ J : (— ao) -7 ^ 7 , . . . , ?7~ SJ '(— ao) -7 ^ 7 ). We have 

C • = ^"^(-ao)" 7 ^ 7 • e'j, e'j ■ C = rf r:i (-a Q y^ ■ e' 3 , £■ ■ e' 3 = (s - r)5 ir 
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Set d = (r, s). Let Wq be as in Lemma |3~TZ1 We have Co|w = 0- Then ker(Co —rj r -?(— a ) »-*■) is 
generated by those e' k with s — r\(k — j)d, and im(Co — v^ r3 '(— cto) -7 ^ 7 ) is generated by Wq and 



the other e' fc 's. So 



im(Co — rj rJ (—ao) = {w S W|4 • to = for all fc satisfying s — r|(fc — 



For the only if part, suppose the system of equations (|3.3p holds for some Wq, . . . ,w s € W with 
wo ^ 0. So «o = V~ r H~ ao) -7 ^ 7 for some integer j and then wo = J2 s -r\(i-j)d <J i e i f° r some 
(Tj G fc. Since s > 2r, for any 1 < fc, I < s — r, we have 

4 • (diag{ — , . . . , — } - P - ^—^-)e[ 
s — r s — r Is — Lr 

= E — »? (, - fc)< - E —v«- k)i - a -^su. 

£ — < s — r ^ — < r z 

r+l<z<s l<?<r 

If k = I, then 

4 • (diag{^, . . . , -?-} -P- f^-)e' t 
s — r s — r 2s — 2r 

Ei y—^ r + i s — 2r _ 
s — r t— 1 r 2 

r+l<i<s l<i<r 

If fc ^ I and s — r\(l — k)d, then (rj l ^ k ) d = 1 and r/ l ~ k ^ 1. We have 

, 1 s , s — 2r v , 
4 • drag{ , . . . , } -P- e 

s — r s — r 2s — 2r 



d ^— ' s — r d ^— ' r 

l<i<d l<z<d 

So 4 ■ (diag{^, .. . , ^} - P - j^)w = if a - r\(k - j)d. Therefore 

( dia s{^7' ■ ' ■ ' ^ } ~ P ~ 2^l> = (c ° " ao)w 

for some io € W. Then w' = wq, ■ ■ ■ , u^-i = w s -i, w' s — w s — w satisfy the system of equations 
(13. 4[) . Reversing the above argument, we get the if part. The characteristic polynomial of D is 
A s + ^W. Each nonzero root of this polynomial is simple. Since X^i>o Z H C'i = A A/\) r and 
Co = Dq , the proof of the last assertion is similar to that of Lemma 12.71 □ 

Now we are ready to prove Theorem 3'. Similar to Remark 1 2. 2 [ we assume a(Z) = X)o<i<s a iZ l ■ 
Then the first equation of (|3.1[) means that ^- is a root in with nonzero constant term of 

the polynomial 

y + ^lz'\ s - 1 + ... + ^Z' s + — X r g k[[Z'}][\]. 
ao ao ao 
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This polynomial is exactly the characteristic polynomial of Z' A -1 A A . The characteristic poly- 
nomial of D is X s + ^-A r which has no nonzero multiple roots, by Hensel's lemma, Z' A -1 A/\ 
has an eigenvector J2i>o Z' %w i corresponding this eigenvalue ^ with w ^ 0. Since X)i>o Z' % Cl = 
(Z' A" 1 Af\) r , we have 

(£^)(£*%) = (f ) r (E^S = (£^)(£^4 

i>0 i>0 i>0 i>0 i>0 

That is, 

5^ (C* - ^Wfc-* = for any fc > 0. 

0<i<fe 

Recall that s > 2r and X)o<i<s a i^ 1 S * s assumed to be irreducible. By Lemma T3.2I and T3.31 we 
have 

J* 00 ' 00 ) ([r] m [-rh] 



[s rU-(s r){b Z'-» + btZ' 1 - + ... + b s - ^-^)] 
[s - rU-(s - r)(b Z'- s + hZ' 1 -* + . . . + b s ) + |]. 
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